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Abstract. The exact ion—electron and electron—electron interaction energies in quantum dots
(QDs) with parabolic potentials are calculated and studied in detail. On the basis of calculated
results, one- and two-electron spectra in QDs are revealed. It is found that the spectra are
dramatically changed with the variation of the size and field. The even-parity—odd-parity and spin-
singlet—spin-triplet oscillations with magnetic field are clearly shown for one- and two-electron
ground states in QDs. The variations of the spectra with field are quite different for different dot
sizes, and represent magnetic ‘fingerprints’ of the QDs. These phenomena are induced by the
negative-ion—electron and electron—electron interactions in QDs.

1. Introduction

Recently, advances in nanofabrication technology have made it possible to manufacture
quantum dots (QDs) containing one, two, and more electrons, which have been intensively
investigated experimentally and theoretically. The study of semiconductor QDs is expanding
rapidly [1-6], and ion—electron and electron—electron interactions are shown to be of great
importance [7—12] in such systems. Departures from the single-particle picture due to electron—
electron interaction in QDs have been observed [9-12]. Applying a magnetic field to QDs
with a few electrons can reveal various spectra—so-called magnetic ‘fingerprints'—since the
spectra of QDs are governed by the interplay of two energy scales: the Coulomb interactions
and the confinement energy associated with quantization due to the confining potential. It has
been experimentally found that a magnetic field can induce transitions between the ground and
excited states in semiconductor QDs containing a few electrons [11].

The semiconductor QDs are ideal quasi-zero-dimensional structures to study, since the
effective-mass theory can be used for an appropriate regime of quantum size. Asis well known,
studying the electronic structures in quantum wells (QWs) with and without strong magnetic
fields is an important problem in semiconductor physics. QWSs with strong magnetic fields
can, in fact, form some kinds of QD, while a strong magnetic field can change the confining
potential of the QDs and then the corresponding spectra including the Zeeman term. Therefore,
studies of electronic structures in QDs containing a few electrons with and without magnetic
fields are of interest both in their own right and in assisting one to understand the role of strong
magnetic fields in QWs and QDs.

It is very important to have reliable methods for solving the many-electron problem and
showing the characteristics of electronic structures in QDs. The main approaches to the
problem include ‘exact’ numerical diagonalization [7, 8], numerical simulations based on
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quantum Monte Carlo techniques [13], and Hartree—Fock calculations [7, 14-16]. For two
electrons in circular QDs with parabolic potentials, exact solutions have been obtained [17].

In the last few years there has been increasing interest in the study of two electrons in
quantum dots in a magnetic field [17-20]. It produces energy spectra and related properties
due to the electron—electron interaction and the Pauli exclusion. On the basis of a first-order
perturbation calculation of the Coulomb energy, the spin oscillations with the magnetic field
are also shown [20]. In order to show the quantum-size effect, the spin oscillation, and its
magnetic fingerprint correctly, a reliable method is needed. To our knowledge, there have been
no reports related to the exact solutions for two electrons in QDs in a magnetic field that might
reveal the field effects on the spectra, including highly excited states.

For the single-electron spectra of QWs with a magnetic field, the effects of the field
and positively charged ion have been shown and studied in detail [21]. In order to exactly
show the field and ion effects on the single- and two-electron spectra of QDs and to understand
better the characteristics ofion—electron and electron—electron interactions in confined systems,
negative-ion—electron and electron—electron interaction energies in QDs are calculated by using
the series expansion method [17, 21] in this paper. Interesting phenomena, such as parity or
spin oscillations and their magnetic fingerprints mentioned above, are clearly shown by the
calculated results.

The rest of this paper is organized as follows. The Hamiltonian and the calculation
method are presented in section 2. The main results are given and discussed in section 3. This
is followed by a summary, in section 4.

2. The model

For some real dots, a harmonic oscillator is a very good approximation for describing the
lateral confinement of the electrons [1, 14], where the motion inztd@ection is always
frozen out into the lowest subband [22]. The finite width of the dot layer can alter the electron—
electron interaction but cannot change the order of the interaction energies in QDs [17, 22]. To
study the oscillation and its magnetic fingerprint, the dots can be treated as two-dimensional
limits of thin discs. Hence, it is reasonable to write the Hamiltonian of an electron in such
a parabolic quantum dot with a negatively charged impurity (ion) centre—for example, an
occupied acceptor centre—as follows:

1
Hjo = —V2+ZV512,02+;- (1)

Itis also reasonable to write the Hamiltonian of two electrons in such a parabolic quantum dot
in the form
1 1 2

Ho=—Vf—V22+ZdePf+ZVdZP§+m )
where effective atomic units are used. The effective Ryd®&rgnd the effective Bohr radius
a* are taken to be the energy and length units, respectively. Itis easy to sg;lti‘?ais related
to the confinement region of the electrons in the dot.

Applying a magnetic field8 perpendicular to the—y plane, equations (1) and (2) are

respectively turned into

1
H; = Ho+ ZVZ/OZ +tyL, 3
and

1 1
H = Hy+ Z)/Z,O% + Zyng tyLatyL (4)
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where the magnetic field is measured in unitsief /2R* with w. the cyclotron frequency.
yL, andyL,, are the Zeeman terms induced by the magnetic field. It is interesting to
see how large the units of semiconductor materials are. For GaAs materials, for example,
R* = 5.8 meV,a* = 10 nm, andy = 1 corresponds t® = 6.75 T.

The Hamiltonian of equation (4) can be separated into centre-of-mass and relative-motion
terms as follows:

H = Hg + H, (5)
with
vz o1
Hg = ——2 +>T?R*+yLyz (6)
2 2
and
1 2
H = —2VZ+ ér2r2 +yL, += @
r

wherel2 = y2+y2, R = (51 + 52)/2, Vg = V1 + Vo, 7 = p1 — iz, andV, = (V1 — V2)/2.

Lz andL,, are theZ- andz-component angular momentum operators in the centre-of-mass
and relative-motion systems, respectively. This separability and the cylindrical symmetry
of the problem allow us to write the two-particle wave functions in plane polar coordinates
¥ = (r, ¢) in the form ®(R)¢ (r) exp(img). The spatial part of the total wave function is
symmetric (antisymmetric) with respect to particle permutatipr— ¢ + ) for even (odd)
azimuthal quantum numbers. Since the Pauli exclusion principle requires the total wave
function to be antisymmetric, we have spin-singlet= 0) and spin-triplefs = 1) states for

even and oddh, respectively. The energy eigenvalues of equation (6) are given by

E(N,M)= 2N +|M|+ 1T + My (8)

interms oftheradialv =0, 1, 2, ...)andazimuthalM = 0, £1, &2, ...) quantum numbers.
The eigenvalues of the relative motion excluding the electron—electron interaction are also in
the same kind of form, and are given by

Eo(n,m) = (2n +|m|+ DI +my )
in terms of the corresponding radial and azimuthal quantum numbetsO, 1, 2, ... and
m=0,+1, +2,.... However, we should solve the Séklinger-like equation

H,[¢(r) explimp)] = E(m)[¢(r) expime)] (10)

to get the energy of the relative motion including the electron—electron interaction. It is easy
to find the equation satisfied by the functipir):
d? 1d E@m) — 1 2 1
¢ + 1do + (—(m) my m >¢ =0. (12)

a¢ ldo (Lm)—my 1 m” 22,2
drz2  r dr 2 r r2 16 "

We can use the method of series expansion [17, 21] to obtain exact series forms in different
regions from equation (11). In the regionOr, we have a series solution, which has a finite
value atr = 0, as follows:

¢(r) = Ar'" " a,r” (12)
n=0

whereA is a constant ang, is equal to 1. Noting that the, are equal to zero whenis equal
to a negative integer, the other can be determined by the following recurrence relation:

ay = (2ay_1+ (my — E(m))a,_p + 17%a,_4)/(4lm| + 2n)n forn=1,223,.... (13)
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In the regiorv < oo, we can obtain a normal solution in the form

N
¢(r)=B8B eXp(—%Fr2>rs ;bnr”’ (14)
where
s=(E(m)—my)/T -1 (15)
bo=b1=1

by = 2b,_1—[(s —n +2)2 — m?|b,_» forn=2,3,4,... (16)
andB is a constant. ARy, R, ... andRy7, exact forms of uniformly convergent Taylor series
can be found. Using the matching conditionsat R; (i = 1, 2, ..., T) and the % 2 transfer
matrices, we deduce the equation for the eigenenefiesn) easily. The values of (n, m)
andg,,, (r) are obtained numerically.

For the sake of convenience, we define the electron—electron interaction et (gies)
as the difference betwedi\n, m) and Eq(n, m), i.e.,

E.(n,m) = E(n,m) — Eg(n, m). a7

Then, the energy eigenvalues of the Hamiltonian given as equation (4) are the simsmof
andE(N, M) as follows:

E(m,m; N,M) =[2(N +n)+ M| +|m|+ 2|0 +[M + m]y + E.(n, m). (18)

The case is similar foH; of equation (3). The eigenvalud$y(n;, m;) of H; excluding
the ion—electron interaction are given by

Eijo(n, m) = (2n; + |m;| + DI +m;y (19)
in terms of the corresponding radial and azimuthal quantum nunbets 0, 1, 2, ... and
m; = 0,+1, +2,.... Using the same procedure as mentioned above, we can easily obtain

the eigenenergieB; (n;, m;) of H;. Then, we can define the ion—electron interaction energies
E;.(n;, m;) as the differences betweéh(n;, m;) andE;o(n;, m;), i.e.,

Ei.(ni,m;) = E;(n;, m;) — Ejo(n;, m;). (20)
The energy levels off; in equation (3) are as follows:
Ei(ni,m;) = 2n; +|m;| + YT +m;y + Ei.(n;, m;). (21)

3. Results and discussion

The levelsE (n, m; N, M) can be labelled by four symbols,m, N, andM. The even and odd

m correspond to the spin-singlét = 0) and spin-triplets = 1) states, respectively, because

of the Pauli exclusion principle. The notation 1s, 2p, 2s, 3d, 3p (1S, 2P, 2S, 3D, 3P), and so
on, is used if the principal quantum numbegs=n + |m|+ 1 (Np = N +|M| + 1) are used
instead ofz (N), and s, p,d,...(S,P,D,...) fom| (M]) =0,1,2,.... Thisis simple for

the single-electron levels. The (n;, m;) are indicated by the two symboisandm;. We can

also have 1s, 2s, 2p, 3d, and so on, as mentioned above.

3.1. E;.(n;,m;) and E,(n, m)

To achieve a better understanding of quantum-size and ion effects, and parity and spin
oscillations and the magnetic fingerprint, which will be discussed in the rest of this section, it
is interesting to study the ion—electron and electron—electron interaction endtgi@s, m;)
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Table 1. Electron—electron interaction energi€s(n, m) of two electrons in QDs with different
I". The values in brackets were obtained by using equation (23).

r 0.05 0.1 0.2 0.4 1.0 25 4.0 5.0

E.(0,0)(19 0.1963 0.3081 04816 0.7494 13195 22803 2.9930 3.3988
(0.3963) (0.5605) (0.7927) (1.1210) (1.7725) (2.8025) (3.5449) (3.9633)

E.(1,00(29 0.1853 0.2871 0.4413 0.6723 1.1473 1.9154 2.4721 2.7862
E.(2,00(39 0.1763 0.2703 0.4106 0.6000 1.0333 1.6967 2.1744 2.4435

E.0,1)(2p) 0.1562 0.2333 0.3451 0.5066 0.8279 1.3404 1.7107 1.9195
(0.1982) (0.2802) (0.3963) (0.5605) (0.8862) (1.4012) (1.7725) (1.9817)

E.(1,)(3p 0.1468 0.2168 0.3170 0.4637 0.7438 1.1941 15188 1.7017

E.(0,2)(3d) 0.1311 0.1915 0.2776 0.3998 0.6436 1.0294 1.3078 1.4645
(0.1486) (0.2102) (0.2972) (0.4204) (0.6647) (1.0509) (1.3293) (1.4862)

E.(1,2)(4d) 0.1240 0.1799 0.2594 0.3784 0.5957 0.9496 1.2047 1.3485

andE, (n, m), defined by equations (17) and (20) at first. It is also interesting to note that for
a fixed state, both depend only énand that the values @f;,(n;, m;) can be obtained from
those ofE, (n, m) by changing the scale. Therefore, only tfign, m) are shown in table 1.

It is readily seen that th€, (n, m) increase with", and the ordering is as follows:

E.(0,0) > E.(1,0) > E. (2,00 > E.(0,1) > E.(1,1) > E. (0,2 > E.(1,2)---.

We should point out that the ordering will be changed if the form of the confining potential of
the QDs is changed. It is, however, important to note that, for a fixélde E, (n, m) always
decrease with increasing | because of the departure of the wave functions from the Coulomb
centre.

It is accurate enough to calculate tlie(n, m) using first-order perturbation, d3 is
sufficiently large compared with the electron—electron interaction. ThenEthe m) are
given by

2
Er(n,m) = (@nm (1)~ bum (1)) (22)

where thep,,, (r) are normalized radial wave functions of equation (11) without the electron—
electron interaction term. Using equation (22), we can easily find the ordering mentioned
above. Furthermore, the values are proportional't¢ and always larger than the cor-
responding ones obtained from the exact solutions. #et 0, for example, the values
given by equation (22) are as follows:

(n)Y2 if m=0

E, (0, m) = )1/2(2|m| — i

(23)
(T 2/m|1!

if |m| > 0.

On comparing with the exact values shown in table 1, it is obvious that the largErahd
|m| are, the less the difference between them is. It is reasonable to fit the exact values into the
I'Y/2 relation if I" is large enough.
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Energy(Ry")

(@) )

Figure 1. E;(n;, m;) versusy for 1s 2py, 3dy, 4, 25 3p., and 3s states in the quantum dot
with y; = 0.2 excluding the ion—electron interactiom)( and including the interactiorb). The
solid and dotted curves represent even-parity and odd-parity states, respectively.

3.2. lon effects and parity oscillations

In order to better understand the role of a negatively charged impurity (ion) in the single-
electron spectra of QDs in a magnetic field, in figures a&fd 16) we have plotted the energy
levels of an electron as a functionpffor QDs withy, = 0.2 without and with the ion centre,
respectively. The splitting of the energy levelsjaincreases from zero can be easily seen
from figure 1¢). For example, the p states are each split into two levels wita —1 and
1. With increasing/, the lower levels first decrease and then increase, while the higher levels
increase monotonically. However, there is no splitting for s states. All of the energy levels
approach the Landau levels or the corresponding s levelsasproaches infinity. Clearly
there are minima for the states with negative integer values. ofhis is because of the two
interactions of the Zeeman term and the parabolic potential in a range of,sniBitle other
feature of the figure is the interactions between different states before the strong-field limits
are approached

The ion—electron interaction can significantly change the spectrain QDs in a magnetic field
if y is of the same order of magnitudejgs As shown in figure 1), the degeneracy is partly
lifted by the interaction whep = 0, and itis completely lifted whep > 0. The level ordering
and the interactions between different states are quite different from those shown in figure 1(
An obvious feature of figure &f induced by the interaction is the intersections of the lower
levels. It leads to the parity oscillations of the ground states wijthe., 1s—2p—3d_—4f_,
and so on. Moreover, on using = 1 instead of,; = 0.2 in the calculations above, we found
that the oscillations still appear, but with different valueg of

On the basis of the discussion in section 3.1, we explain the oscillations as follows. For
n; = 0, the level increases with increasing;| wheny = 0. On the other hand, the levels
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with n; = 0, excluding the interaction, approach the first Landau level as co. For a fixed
y with n; = 0, however, the ion—electron interaction energies decrease with incréas|ng
This is why the even-parity—odd-parity oscillations with magnetic field appear.

3.3. Quantum-size effects

The two-electron spectra are slightly more complicated and are different from the single-
electron ones. ltis better to look at the quantum-size effects on the spectra before studying the
magnetic fingerprint.

Table 2. Exact quantum levels of two electrons in QDs with dlﬁerwt(yfl/z) The level
sequences are in order of increasing magnitude. For the sake of convenience, shortened notation,

i.e., a, b, ¢, and so on, is used to indicate the quantum numbers (V, M; s) and to show the
changes of the level order. The energy unikis

va (v, ) 1.0 (1.0) 0.2(2.2361) 0.05 (4.4721)
a: (0,0;0,0;0) (a)3.3196 (a)0.8816  (a)0.2962
b: (0,1;0,0;1) (b)3.8278  (b)0.9450  (b) 0.3062
¢:(0,0;0,1;0) (c)4.3196 (d)1.0776  (d)0.3310
d: (0,2;0,0;0) (d)4.6436 (c)1.0816  (c)0.3462
e:(0,1;0,1;1) (e)4.8278 (e)1.1450  (h)0.3476
f(1,0;0,0;0) ()5.1472 (h)1.2156  (e)0.3562
0:(0,0;1,0;0) (9)5.3196  (f)1.2402 (i) 0.3810
h: 0,3;0,0;1) (h)5.5174 (i) 1.2776 (f) 0.3854
i(0,2,0,1,0) ()5.6436 (g)1.2816  (g) 0.3962
i (1,1;0,0;1)  ()5.7438 () 1.3170 (j) 0.3968
k:(0,1;1,0;1) (k)5.8278 (k) 1.3450 (k) 0.4062
l:(1,0,0,1;0) ()6.1472  (n)1.4053  (n)0.4066
m: (0,0;1,1;0) (m)6.3196 (I 1.4402 (0) 0.4240
n: (0,4;0,0;0) (n)6.4693 (0)1.4594  (p)0.4310
0:(1,2;0,0;0) (0)6.5956 (p)1.4776  (I)0.4354
p:(0,2;1,0;0) (p)6.6436 (m)1.4816  (m)0.4462

As shown in table 2, the two-electron spectra vary not only in their values but also in their
level ordering ag/,; (y, "/?) changes from 0.05 (4.4721) to 1 (1). An important aspect of the
quantum-size effects is the changes of the level ordering and the level differences; a crossover
of two levels with the same or different spin can appear Whﬁl@y_l/ 2) is less (greater)
than one. The reason for this is the following. The value&af:, m) are approximately
proportional tO)/dl/z for y = 0 as mentioned in section 3.1. However, bétw, M) and
Eo(n, m) are proportional tg,;. Wheny, (yd_l/z) is greater (less) than one, the level ordering
is mainly determined by the sum @ (n, m) and E(N, M). It can be strongly changed by
E.(n,m) if v4 (v, /%) is much less (greater) than one. Therefore the quantum-size effects
appear.

3.4. Singlet-triplet oscillation and the magnetic fingerprint

In order to better understand the role of the electron—electron interaction in two-electron spectra
of QDsinamagneticfield, in figures@(and 2¢) we have plotted the energy levels as functions

of y for QDs withy,; = 0.2 without and with the interaction, respectively. As shown in the
figures, the splitting of the energy levels is induced by the Zeeman terménaseases from

zero. For the sake of clarity, we have only plotted the lower levels in the figures. With
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Figure 2. E(n,m; N, M) versusy for the a, b, c, d, e, f, and h states indicated in table 2 for
the quantum dot witly; = 0.2 excluding the electron—electron interactiai, ¢hat including the
interaction §), and the dot with/; = 1 including the interactionc]. For the sake of clarity, only

the lower levels are plotted. The solid and dotted curves represent spin-singlet and spin-triplet
states, respectively.
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increasingy, the lower levels first decrease and then increase. There are minima for the states
with negative integer values of. This is due to the two interactions of the Zeeman term and
the parabolic potential in a range of smgll However, there is no splitting for the states with

M = m = 0, and the levels increase monotonically.

The electron—electron interaction can significantly change the spectra of QDs in a magnetic
field. As shown in figure Z(), the degeneracy is lifted by the interaction when= 0. The
level ordering is changed with increasipgand interactions between different states appear.
An obvious feature of figure 8] induced by the interaction is the interactions between the
lower levels. They lead to the spin-singlet—spin-triplet oscillations of the ground stateg with
i.e., a—b—d-h states, and so on, shown in the figure.

On the basis of the discussion in section 3.1, we explain the oscillations as follows. For
N =n = 0, the level increases with increasijgl wheny = 0. On the other hand, the levels
with N = n = 0 and negative integer values mf excluding the interaction, approach the
same level ag — oo. For fixedy, however, the interaction energies decrease with increasing
|m|. This means that the level sequence of a—b—d—h states, and so on, is in order of decreasing
magnitude ay — oo. This is why the spin-singlet—spin-triplet oscillations with magnetic
field appear.

It is interesting to compare the above spectra with the others for QDs of different sizes
to see what kind of difference appears and the importance of the role of electron—electron
interaction in various spectra. For this purpose, we have calculated the spectrg,usirig
instead ofy; = 0.2. First, we should point out that the spectra excluding the interaction are
exactly the same as those shown in figure) 2€xcept the different scales. So we do not
plot them here. However, the two cases become quite different as soon as the interaction is
included. Wheny = 0, the level ordering is different because of the quantum-size effects
mentioned above. The level ordering and the interactions are also differentywie as
shown in figure 2(). The oscillations appear in different regionsyof What we have shown
in figures 2p) and 2¢) indicates that the electron—electron interaction could play an important
part in the spectra and also is one of the effects that go to make up the magnetic fingerprints
of QDs. The other effects may be induced by dot shapes, doping impurities, and so on. This
would be worth working on.

4. Summary

We have used different series solutions for different regions of the radial equation of the relative
motion of two electrons in QDs with parabolic potentials and of that of an electron in the
QDs with an ion centre to obtain the exact solutions. The ion—electron and electron—electron
interaction energieg,; (n;, m;) andE, (n, m) are calculated and shown to be dependent;on
andm;, andn andm, respectively. Both increase with increasing confineni€nt and the
strong-confinement limits are proportionaltd. In general, for afixed (n;), the interaction
energies decrease with increasing (|m;|). The one- and two-electron spectra of the QDs

are revealed, and the parity and spin oscillations and the magnetic fingerprints of the QDs are
clearly shown. The phenomena are induced by the negative-ion—electron and electron—electron
interactions in QDs.

The present results will be useful for achieving an understanding of the optical and
magnetic properties of quantum-dot materials and for explaining the experimental phenomena
related to ion—electron and electron—electron interactions in QDs. We should point out that the
shape and size of the confinement potential including ions can be used to change the number
of possible spin oscillations, and it is even possible to make them disappear [23, 24]. Finally,
it can be expected that the appropriate electronic structures of QDs, and also related properties
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such as the magnetic fingerprint, will be obtained if the sizes and shapes of the QDs with
doping and also the numbers of electrons are better controlled. It is, therefore, very important
to study the electronic structures of a few electrons with a few ions in QDs with different sizes
and shapes.
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